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Performing accurate position measurements of a mechanical resonator by coupling it to some
optically driven quantum emitter is an important challenge for quantum sensing and metrology. We
fully characterize the quantum noise associated to this measurement process, by deriving master
equations for the coupled emitter and the resonator valid in the ultra-strong coupling regime. At
short timescales, we show that this noise sets a fundamental limit to the readout sensitivity and
that the standard quantum limit can be recovered for realistic experimental conditions. At long
timescales, the scattering of the mechanical quadratures leads to the decoupling of the emitter from
the driving light, switching off the noise source. This method can be used to describe the interaction
of any quantum system strongly coupled to a finite size reservoir.
Coupling optical and mechanical degrees of freedom
was first investigated in the pioneering field of cavity
opto-mechanics, involving an electromagnetic resonator
with a moving end-mirror coupled to a mechanical oscil-
lator [1]. Optical drive of such systems has lead to effi-
cient cooling of the mechanics [2, 3] down to the ground
state [4, 5], opening the path to the manipulation of the
quantum states of a macroscopic oscillator [6, 7]. With
the recent developments of nano-mechanics, a new class
of systems has emerged where the opto-mechanical cou-
pling is not mediated by a cavity, but by a single quantum
emitter [8]. These hybrid systems are now implemented
in a wide range of platforms coupling for example single
spins [9], Nitrogen-Vacancy (NV) centers in diamonds
[11, 14] or semiconductor quantum dots [12, 13] to vi-
brating nanowires, or else in the microwave domain in-
volving superconducting qubits embedded in oscillating
membranes [15, 16]. Interesting testbeds to investigate
the quantum-classical boundary or information thermo-
dynamics [17], these devices are also especially appealing
for quantum sensing and metrology [18]. Indeed, tiny
variations in the position of the mechanics allow mea-
suring ultra-low forces, as the one created by a single
spin [9]. Reciprocally, it is possible to extract informa-
tion on the position of the mechanics from the properties
of the light radiated by an embedded quantum emitter
[10, 19]. The intrinsic sensitivity of these devices can
be enhanced by reducing the size of the mechanical res-
onator, or alternatively, by increasing the coupling be-
tween the mechanics and the quantum emitter: Recently
some experiments have reached the ultra-strong coupling
regime where the emitter-mechanical coupling is compa-
rable to the mechanical frequency [12, 15].
These achievements have opened the way to the ex-
perimental study of the “single-photon regime” of opto-
mechanics ruled by the non-linearized opto-mechanical
interaction [21], and characterized by new noise sources
whose proper modeling is still to come. So far indeed,
most theoretical investigations of hybrid opto-mechanical
systems have focused on the weak coupling regime [22–
26] where the coupling to the quantum emitter is treated
using perturbative techniques. A better understanding
of state-of-the-art experimental devices now requires to
model their evolution in the ultra-strong coupling regime.
In this letter, we model the dynamics of a mechanical
resonator interacting with an optically driven quan-
tum emitter in the ultra-strong coupling regime. We
demonstrate that it is possible to extract information
on the mechanical position through the light radiated
by the quantum emitter. This measurement process
induces a back-action noise on the mechanical state,
associated to the emitter’s population fluctuations. To
fully characterize this quantum noise, we go beyond
the semi-classical approximation and derive master
equations ruling the evolution of the hybrid system. At
short timescales, the quantum noise translates into a
non-symmetric scattering of the mechanical quadratures,
setting a fundamental limit to the sensing precision. We
show that the standard quantum limit can be recovered
for realistic experimental conditions. At long timescales,
this scattering leads to the decoupling of the quantum
emitter from the driving light, switching off the noise
source. In this picture, the driven quantum emitter
behaves both as a measurement channel and as a source
of dissipation for the mechanics. Our general method
allows describing an unusual situation of quantum optics
involving an effective finite size reservoir (the quantum
emitter), whose dynamics is sensitive to the evolution of
the quantum system (the mechanical resonator).
System.— The hybrid mechanical system under study
is depicted in Fig.1a: a two-level system (TLS) of
frequency ω0, of ground and excited states |g〉 and |e〉
respectively, is parametrically coupled to a mechanical
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FIG. 1. a: Hybrid system under study. A two level system
of transition frequency ω0 is optically driven (Rabi frequency
g), interacts with a heat bath (spontaneous emission rate γ)
and is parametrically coupled to a MO (frequency Ωm) with
a strength gm. The coupling is taken adiabatic and ultra-
strong Ωm ≤ gm  γ  ω0. b,c: Semi-classical evolution
of the hybrid system (cf. equations (4) and (5)). b: Modu-
lation of the TLS population Pe(t) = 〈e|ρq(t)|e〉. c: Shift of
the mean position of the MO in the phase plane (Mechanical
complex amplitude β(t) = Tr{bρ0m(t)}). Simulation parame-
ters: Ωm/γ = 5 · 10−3, gm/γ = 0.1, g/γ = 1, Tq = 0. The
initial MO state is a coherent state of amplitude β(0) = −20.
oscillator (MO) of frequency Ωm  ω0 and driven
quasi-resonantly by a classical monochromatic light
source of frequency ωL = ω0 − δ0 where δ0 stands
for the drive-TLS detuning. The Hamiltonian of the
driven TLS in the Rotating Wave Approximation
is Hq(t) = ~ω0Πe + ~g(eiωLtσ− + e−iωLtσ+) with
Πe = |e〉〈e| the projector on the TLS excited state, g
the classical Rabi frequency, and σ± the rising/lowering
TLS operators. The MO dynamics is governed by the
Hamiltonian Hm = ~Ωm
(
b†b+ 12
)
and the TLS-MO
parametric coupling is Hc = ~gmΠe(b† + b) where
Ωm and b are respectively the mechanical frequency
and the annihilation operator in the mechanical mode
and gm is the TLS-mechanical coupling strength.
The total Hamiltonian of the hybrid system writes
H(t) = Hq(t) + Hm + Hc. In what follows, we focus on
the ultra-strong coupling regime defined by gm ≥ Ωm.
In addition, the TLS is coupled to an electromagnetic
heat bath at thermal equilibrium of temperature Tq
and correlation time τq, with γ being the spontaneous
emission rate of the bare TLS (reached for gm = 0). We
consider here the adiabatic limit γ  gm which is fully
compatible with the ultra-strong coupling condition as
long as Ωm  γ.
Semi-classical description.— We assume that at time
t0, the hybrid system is in the factorized state char-
acterized by the density matrix ρ(t0) = ρq(t0) ⊗
|φm(t0)〉〈φm(t0)| where ρq(t) is the reduced density ma-
trix of the TLS and |φm(t)〉 the (pure) state of the MO.
We first focus on the dynamics of the hybrid system over
a few emission and absorption events after time t0.
We choose a coarse graining time ∆tq, verifying γ
−1 
∆tq  τq such that the bath degrees of freedom can be
traced out [4]. As ∆tq  Ω−1m , g−1m , the MO remains
in the pure state |φm(t)〉 and acts as a classical external
operator on the TLS, shifting its frequency by δm(t) =
gm〈φm(t)|b+b†|φm(t)〉 [17, 26, 28] (see Supplemental [29]
Section I). We consider here a mechanical state |φm(t)〉
with a well defined position i.e. the quantum variance
VX = 〈φm(t)|X2|φm(t)〉 − 〈φm(t)|X|φm(t)〉2 of the MO
position operator X = x0(b+b
†), x0 being the zero point
motion, fulfills:
VX  γ
gm
x20. (1)
This condition ensures that the shift δm of the TLS fre-
quency takes a well-defined value. The master equation
for the total hybrid system reads:
ρ˙(t) = − i~ [H(t), ρ(t)] +
(
Lδ(t)q ⊗ 1m
)
[ρ(t)], (2)
δ(t) = δ0 + δm(t) is the total detuning between the drive
and the TLS, 1m the identity super-operator in the MO
Hilbert space. We have introduced the Lindbladian due
to the coupling to the heat bath:
Lδq = γ(nδq + 1)D[σ−] + γnδqD[σ+], (3)
where D[Aˆ]ρ = AˆρAˆ†− 12 Aˆ†Aˆρ− 12ρAˆ†Aˆ for any operator
Aˆ and nδq = (e
~(ωL+δ)/kBTq−1)−1 is the mean number of
thermal photons. Note that we have neglected the mod-
ifications of Lindbladian (3) due to the drive, which are
solely noticeable for very strong driving
√
g2 + δ2 & ω0,
very high temperature kBTq ∼ ~ω0, or structured vac-
uum [9] (see [29] Section II). The reduced master equa-
tion for the TLS is straightforwardly derived:
ρ˙q = − i~ [Hq(t) + Vq(t), ρq(t)] + Lδ(t)q ρq(t), (4)
where we have introduced the effective Hamiltonian
Vq(t) = ~δm(t)Πe.
Eq.(2) is our starting point to investigate the dynamics
of the MO over many fluorescence cycles of typical dura-
tion γ−1. The essence of our approach can be grasped,
by noticing that the MO-TLS coupling gm is much lower
than the TLS spectral width γ: hence the TLS behaves
like an effective Markovian reservoir of typical correla-
tion time γ−1, such that a master equation for the re-
duced mechanical density matrix ρm(t) can be derived.
We thus choose a coarse graining time ∆tm verifying
3γ−1  ∆tm  γg−2m ,Ω−1m . On this timescale, quan-
tum correlations between the TLS and the MO build up
and vanish, such that the density matrix of the hybrid
system is always factorized ρ(t) = ρm(t)⊗ ρq(t), even in
the ultra-strong coupling case. At first order in gm, the
mechanical evolution is governed by the Von Neumann
equation:
ρ˙0m = − i~ [Hm + Vm(t), ρ0m(t)]. (5)
Vm(t) = ~gmPe(t)(b + b†) describes the action of the
TLS on the MO and Pe(t) = Tr[ρq(t)Πe] is the mean
excitation of the TLS.
Eq. (4) and (5) are the semi-classical equations of the
hybrid opto-mechanical system. The corresponding evo-
lution is pictured in Fig.1b & c in the case where the
MO is initially in a coherent state. On the one hand,
the TLS exerts a force on the MO, which translates into
a shift of the mechanical rest position. In particular, in
the ultra-strong coupling regime a single excitation in
the quantum emitter creates a measurable displacement
(i.e. larger than x0 the zero point fluctuations of the
MO). This hybrid force is a fully analogous to the radi-
ation pressure force in cavity mediated opto-mechanical
setups.
Reciprocally, the MO modulates the frequency of the
TLS by δ0m(t) = gmTr[ρ
0
m(t)(b + b
†)], varying the value
of the total detuning δ(t) = δ0m(t) + δ0 between the TLS
and the driving laser. In the adiabatic regime considered
here, this creates a modulation of the TLS population
which follows the steady-state solution of optical Bloch
equations P∞e (δ(t)) = (2 + (2δ(t)/g)
2 + (γ/g)2)−1.
Therefore measuring the TLS population, e.g. by
recording the intensity of the radiated light can be used
to measure the mechanical position. This measurement
process is associated to a noise of quantum origin that
we shall now characterize.
Back-action noise induced by the TLS.— We now fo-
cus on the evolution of the hybrid system on timescales
larger than γg−2m , for which the semi-classical descrip-
tion presented above is not valid anymore as the noise
induced by the TLS on the MO [i.e. terms of second
order in gm] starts to play a noticeable role. Our strat-
egy is inspired by the projection method of Zwanzig [31],
which was initially developed to describe the effect of
standard reservoirs involving a large number of degrees
of freedom. We have adapted this method to the present
situation where the spectrally broad TLS plays the role
of a “finite-size reservoir”, sensitive to the evolution of
the MO. By coarse-graining the evolution of the hybrid
system over a timescale ∆tm  γ−1, we have derived the
reduced mechanical equation of motion (See [29] Section
III):
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FIG. 2. MO position measurement through TLS fluorescence.
a: Hybrid heating rate Γh(t) induced by the TLS on the MO
(Eq.(9)) as a function of the total detuning δ(t) between the
TLS and the driving field for three different Rabi frequencies
g = 10γ (blue solid), g = γ (orange dashed) and g = 0.1γ
(green dash-dotted). b: Evolution of the variances of the
MO’s position VX and momentum VP along 10 mechanical
periods for g/γ = 1 (top) and g/γ = 0.1 (bottom). The
other parameters for a,b are the same as Fig.1. c: Total
measurement noise spectrum Smxx and the two contributions:
the back-action and imprecision noise spectra SBAxx and S
I
xx
at the mechanical frequency, for the optimum value of the
detuning δ1 ' 9.3γ allowing to reach the global minimum
of the total noise, as a function of the Rabi frequency. d:
Sensitivity of the MO position measurement as a function
of the detuning δ1 and the Rabi frequency g in units of γ.
The spectra in c,d are normalized to the minimum value of
Smxx, i.e. 4,01 · 10−29m2/Hz, reached for δ1 ' 8.8γ and g '
0.06γ, which is just above the standard quantum limit for
the measurement of the position of an oscillator 2x20/Γm =
4 ·10−29m2/Hz [12]. Parameters: Ωm = 5MHz, gm = 0.1GHz,
γ = 1GHz, Γm = Ωm/10
6, Tq = 0 and x0 = 10
−2pm.
ρ˙m(t) = − i~ [Hm + Vm(t), ρm(t)] + Lh[ρm(t)], (6)
where
Lh[ρm] = −Γh(t)
2x20
[X, [X, ρm]]. (7)
The rate Γh(t) is related to the fluctuation spectrum of
the TLS population at zero frequency, and is defined as:
Γh(t) = 2g
2
mRe
∫ ∞
0
dτ〈δΠ˜e(t)δΠ˜e(t− τ)〉. (8)
We have introduced δΠe(t) = Πe − Pe(t) and the tilde
stands for the interaction representation with respect to
4the semi-classical evolution (see Supplemental [29] Sec-
tion III.1). Such a Linbladian has no effect on the
average position X or momentum P = ~2x0 i(b
† − b)
of the MO, but it increases the momentum variance
VP (t) = Trm[ρm(t)P
2] − Trm[ρm(t)P ]2, leading to a
non-symmetric scattering of the mechanical quadratures.
Eq.(7) describes nothing but the back-action noise of the
continuous weak measurement on the mechanical posi-
tion encoded in the fluorescence light [2]. In the adiabatic
regime considered here Γh(t) verifies (see [29] Section IV):
Γh(t) =
g2m
γ
2g2(4δ(t)2 + γ2)(g2 + 2γ2)
(4δ(t)2 + 2g2 + γ2)3
. (9)
Note that Γh > 0, such that the momentum variance
can only increase: Therefore no cooling can be realized
by driving the TLS. The rate Γh characterizing the back-
action noise is plotted in Fig. 2a. Taking into account
the intrinsic coupling of the MO to its own thermal bath
with temperature Tm, the full master equation governing
the mechanical evolution reads:
ρ˙m = − i~ [Hm + Vm(t), ρm] + Lh[ρm]
+ Γm(nm + 1)D[b]ρm + ΓmnmD[b
†]ρm. (10)
We have introduced Γm the MO damping rate in the
bath, and nm = (e
~Ωm/kBTm − 1)−1 the mean number
of thermal phonons. The weak coupling regime of small
gm corresponds to Γm  Γh: The TLS slightly modifies
the effective bath parameters, but the nature of the re-
laxation remains thermal [24] (see [29] Section V). More
interestingly, Eq.(10) allows describing a less explored
situation characterized by Γh ∼ g2m/γ  (nm + 1)Γm
where the TLS-induced mechanical fluctuations largely
overcome the Brownian motion. Such scattering stems
from the emission and absorption of photons by the
driven dissipative TLS [4]. An experimental characteri-
zation of this hybrid noise is within reach [10, 12, 14].
Eventually, this quantum noise sets a fundamental
limit to the sensitivity of measurements based on the
optical detection of the MO position [10, 32], just like
radiation pressure in cavity opto-mechanics [12]. To
illustrate this point, we focus on the readout of a static
MO deflection δ1 using the intensity of the TLS fluo-
rescence. The sensitivity of the measurement scheme is
quantified by the noise spectrum Smxx which is the sum of
two contributions: Smxx = S
I
xx +S
BA
xx (see [29] Section VI
for analytical expressions). The imprecision noise spec-
trum SIxx is associated to intensity fluctuations of the
fluorescence and dominates at low driving (see Fig.2c).
At strong driving the quantum noise induced by the TLS
SBAxx characterized above dominates. The total noise S
m
xx
is minimized when both quantum and imprecision noises
are equal. Smxx is plotted in Fig.2d as a function of the
detuning δ1 and the Rabi frequency g. Its minimum
value is reached for (δ1/γ, g/γ) ' (8.8, 0.06) and verifies
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FIG. 3. a,b: Evolution of the hybrid heating rate Γh(t) (c)
and of the mechanical energy Em(t) = ~Ωm〈b†b〉st (d) along
3 ·103 mechanical oscillations. Each point is averaged over 60
subsequent mechanical oscillations to remove the fast oscilla-
tions of the mechanical quantities (see Fig.2). c,d: Wigner
functionW(x, p) of the MO at the initial time when the drive
of the TLS is switched on (c) and after 3 · 103 mechanical
oscillations (d). The simulation parameters are the same as
Fig.1.
Smxx = 4,01 · 10−29m2/Hz. This value corresponds to
the standard quantum limit for the measurement of the
position of an oscillator 2x20/Γm = 4 · 10−29m2/Hz [12]:
Thus probing this bound within hybrid opto-mechanical
devices is within experimental reach.
Quantum trajectory of mechanical oscillator— At first
sight, it may seem that the momentum variance of the
MO and thus the mechanical energy continuously in-
crease under the action the noise, apparently violat-
ing the second law of thermodynamics. Actually, over
long timescales t  γg−2m the MO position fluctuations
randomize the TLS frequency, reducing the coupling to
the driving light and eventually switching off the noise
source. In this limit the master equation (10) is no longer
valid, as Eq.(1) breaks down because of the increase of
VX . To describe the decoupling, we adopt a quantum
trajectory approach taking into account the partial in-
formation about the MO position encoded in the radi-
ated light. In this description, at each time t the MO is
in a pure state |φstm(t)〉 verifying a stochastic Schro¨dinger
equation obtained by unravelling Eq.(10) [2]:
5d|φstm(t)〉 = − idt~ (Hm + Vm(t)) |φstm(t)〉
− dt2 Γh(t)(X − 〈X(t)〉2st)|φstm(t)〉
+
√
Γh(t)dW (t)(X − 〈X(t)〉st)|φstm(t)〉. (11)
dW (t) is a real normalized Wiener increment, of zero av-
erage and verifying dW 2(t) = dt. We have used Ito¯’s
convention for stochastic calculus and denoted 〈·〉st the
expectation value in state |φstm(t)〉. Γh(t) is computed
by supposing that the position variance verifies Eq.(1)
at any time, such that the effective detuning δ(t) is
defined. A trajectory |φstm(t)〉 represents the dynamics
of the MO conditioned to a given measurement record
{Xst(t)}ti≤t≤tf , of the position measurement performed
via the TLS. The measurement outcome at time t is
Xst(t) = 〈X(t)〉 + dW (t)/2
√
Γhdt and is stochastic due
to the intrinsic randomness of quantum measurement [2].
We have solved numerically Eq.(11) for a single realiza-
tion of the process. At each time t, the scattering rate
Γh is computed from the instantaneous mechanical state
|φstm(t)〉, generating the trajectory. We find that along
each trajectory, the MO follows a random walk in phase
space, leading first to the heating of the mechanics (see
Fig. 3a,b). Meanwhile, the detuning of the TLS is also
scattered, inducing a spectral wandering of the TLS emis-
sion line. At longer timescale the mechanical amplitude
becomes large compared with g/gm and the MO spends
most of the time away from its rest position. The TLS is
brought off resonance with the drive, leading to a vanish-
ing heating rate Γh and a saturation of the mechanical
energy Em(t).
We have plotted the Wigner function W(x, p) =
(1/pi~)
∫∞
−∞ dy〈φstm(t)|x + y〉〈x − y|φstm(t)〉e2ipy/~ of the
MO at the initial time and after 3 · 103 mechanical oscil-
lations (see Fig. 3c,d). One clearly sees the deformation
of the shape of the MO state in phase space due to the
quadrature-dependent scattering. We also note that the
position variance remains of the order of unity along any
trajectory (even on large timescales t  Ω−1m ): Indeed,
state |φstm〉 is continuously updated with the information
extracted by the continuous position measurement
performed by the TLS, which reduces the quantum
uncertainty on X. Therefore, the effective detuning δ(t)
between the drive and the TLS is defined at any time,
validating the trajectory based approach.
Conclusion.— Our model shows that a hybrid opto-
mechanical system in the ultra-strong coupling regime
can be described by semi-classical equations at short
times, provided that the TLS is strongly dissipative. Be-
yond the semi-classical regime, the TLS induced me-
chanical fluctuations either generate an effective thermal
bath (small gm), or the non symmetrical scattering of
the MO quadratures (large gm). This quantum noise
is the equivalent of the radiation pressure noise in cav-
ity opto-mechanics, and appears as a fundamental limit
of hybrid opto-mechanical detection sensitivity. Notice-
able deviations from the semi-classical description can
be observed over longer timescales and our study allows
to simulate quantum trajectories of the system using a
stochastic Schro¨dinger equation, which is a precious tool
to describe the TLS and MO fluctuating observables.
These quantities are especially relevant to investigate the
quantum limit of sensing [35] in the context of hybrid
opto-mechanics, and to perform further thermodynamic
studies, e.g. probe fluctuation theorems [36], or design
nano-heat engines based on opto-mechanical devices [37–
39]. Finally, the method presented here is a quite general
one allowing to treat the case of any quantum system in
strong interaction with a finite size reservoir [40–43].
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1Supplemental Materials: Probing the state of a mechanical oscillator with an
ultra-strongly coupled quantum emitter
CLASSICAL BEHAVIOUR OF THE MO
We now consider the total hybrid system (including the MO) coupled to the heat bath. We assume that at time
t the hybrid system is in the state ρq(t) = ρq(t) ⊗ |Φm(t)〉〈Φm(t)|, where |Φm(t)〉 is the pure state of the MO. We
coarse-grain as in Supplemental I the evolution equation of the total density operatorρItot in the interaction picture
(which now includes the MO) over the same time ∆tq and trace over the bath degrees of freedom. The interaction
picture is now computed with respect to Hamiltonian H(t) +HBq which contains the MO-TLS coupling Hamiltonian
Hc and the MO Hamiltonian Hm. We obtain:
∆ρIq(t) = −
1
~2
∫ t+∆t0
t
dt′
∫ t′
t
dt′′TrBq
{[
V IBq(t
′),
[
V IBq(t
′′), ρIq(t)⊗ |φm(t)〉〈φm(t)| ⊗ ρBq
]]}
. (S1)
where:
V IBq(t) = T e−
i
~
∫ t
0
ds(Hq(s)+Hc)VBqT e
i
~
∫ t
0
ds(Hq(s)+Hc). (S2)
Here T is the time ordering operator. Because of the presence of Hc = (gm/x0)X in the interaction picture, the
operator V IBq(t) acts on the MO’s Hilbert space. Using the fact that the state |φm(t)〉 of the MO present in the
integrand of Eq.(S1) has a small variance (see condition (1) of main text), we can replace Hc in V
I
Bq(t) by its
expectation value in that state, namely:
Vq(t) = 〈φm(t)|Hc|φm(t)〉 = δm(t)σz. (S3)
This allows to apply the end of the derivation of the Lindbladian induced by the heat bath of the TLS taking the
value δ(t) = δm(t) + δ0 as the total detuning between the TLS and the drive. Note that the condition (1) of the main
text implies that the error maid by taking the average position leads to an error on the detuning of magnitude small
with respect to γ and which therefore has no influence on the dynamics of the TLS. In particular, it does not affect
the population of the TLS given by P∞e (δ(t)) = (2 + (2δ(t)/g)
2 + (γ/g)2)−1. Assuming the conditions (S6)-(S7) for
the Optical Bloch Equations to be valid, we therefore find the master equation (2) of main text.
Finally note that a crucial point for this derivation to hold is that δ(t) can be considered as constant during the
coarse-graining time ∆tq because its typical rates of variation (i.e. the rates of variation of |φm(t)〉 are Ω, gm  γ 
∆−1q .
REDFIELD THEORY FOR A DRIVEN TLS
In this section we derive the Lindblad equation for the driven TLS weakly coupled to a heat bath at thermal
equilibrium, in the absence of coupling to the MO, i.e. gm = 0. We show that the Standard Bloch Equations [S4]
are valid even at non-zero TLS temperature, and in the saturated regime g  γ. The total Hamiltonian of the TLS
writes Htot(t) = Hq(t)+VBq +HBq, where HBq is the Hamiltonian of the heat bath, and VBq is the TLS-bath coupling
Hamiltonian. We restrict the study to the case g, δ0  ωL, which corresponds to the standard regime of optical Bloch
equations.
The global density matrix in the interaction picture with respect to Hamiltonian HBq and Hq(t), denoted ρ
I
tot(t),
evolves according to ρ˙Itot(t) = −
i
~
[
V IBq(t), ρ
I
tot(t)
]
, where V IBq(t) is the TLS-environment interaction Hamiltonian in
the interaction picture. Following the usual microscopic derivation of Lindblad equation [S1, S3, S4], we average this
evolution equation over a time scale ∆tq, fulfilling γ
−1  ∆tq  τq, where τq is the heat bath correlation time. This
leads to:
∆ρIq(t) = −
1
~2
∫ t+∆t0
t
dt′
∫ t′
t
dt′′TrBq
{[
V IBq(t
′),
[
V IBq(t
′′), ρIq(t)⊗ ρBq
]]}
. (S4)
2Note that terms of first order in VBq vanish in the trace operation. We have also performed Born and Markov
approximations, i.e. we have replaced the density matrix ρItot(t
′′) in the integrand of (S4) by the factorized density
matrix ρIq(t)⊗ ρBq, where ρq (resp. ρBq) is the reduced density matrix of the TLS (resp. environment).
At this stage, we are not ensured yet that the right-hand term of equation (S4) is a proper quantum map [S1]. We
now average over the terms in the integrand oscillating with frequencies larger than 1/∆t0 (Secular approximation).
To do so, we decompose the part of the coupling operator VBq = Rqσx acting on the TLS subspace, namely σx, into
eigenoperators
Sν(ω) =
∑
s′−s=ω
|s〉〈s|σν |s′〉〈s′|, s, s′ ∈ {+,−}
of the TLS Hamiltonian in the rotating frame H¯q = δ0σz+
g
2
σx [S1, S7]. |±〉 =
(±√ΩR ± δ0|e〉+√ΩR ∓ δ0|g〉) /√2ΩR
are the dressed states of the TLS, associated with eigenvalues ± = ±ΩR/2, where ΩR =
√
g2 + δ20 .
In addition, we compute the trace over the environment, forming correlators of the environment operator such that
〈RIq(t′)RIq(t′ − τ)〉 = 〈Rq(τ)Rq(0)〉. These correlators vanish for delay τ larger than τq, which allows to extend the
integral over τ up to infinity. Defining αν(ω + νωL) =
∫∞
0
dτei(ω+νωL)τ 〈Rq(τ)Rq(0)〉, and using Sν(ω)† = S−ν(−ω),
we can write:
∆ρIq(t) =
∑
ω,ω′
∑
ν,ν′
∫ t+∆t0
t
dt′ei(ν−ν
′)ωLt′αν(ω + νωL)
×
(
Sν(ω)e
iωt′ρIq(t)S
†
ν′(ω
′)e−iω
′t′ − S†ν′(ω′)e−iω
′t′Sν(ω)e
iωt′ρIq(t)
)
+ h.c. (S5)
The environment at thermal equilibrium is modeled as a set of independent harmonic oscillators, such as HBq =∑
k ~ωka
†
kak and Rq = −i
∑
k gk(a
†
k − a†k). The corresponding expressions of the bath correlation functions write
[S1] α+(ω) = γ(ω)n(ω) and α−(−ω) = γ(ω)(n(ω) + 1). We have introduced γ(ω) =
∑
k gkδDirac(ω − ωk) and
n(ω) = (e~ω/kbTq − 1)−1, where δDirac is the Dirac distribution. From this point, can be derived the Standard Optical
Bloch Equations [S4], or the Generalized Bloch Equations [S6], both consistent with g, δ0  ωL. Note that if we want
to describe the regime ΩR & ωL, we have to choose ∆t0 > ΩR leading to the Floquet Master Equation [S7, S8].
Here, we are interested in the regime of Optical Bloch Equations. We do the following approximations, both
motivated by the inequality ΩR  ωL:
γ(ωL ± ΩR) ' γ(ω0) (S6)
n(ωL ± ΩR) ' n(ω0) (S7)
for ν = ±, ω = ±ΩR, 0. Approximation (S6) corresponds to neglecting the variation of the environment spectral
density around the frequency ωL, which is relevant for the electro-magnetic vacuum whose spectral density is pro-
portional to (ωL + ω)
3, but may become irrelevant for more complex environment, e.g. when the TLS is within an
optical cavity [S9]. Approximation (S7) is valid for ~ωL  kBTq which is the most common case for optically active
TLS. This enables to factorize the sums over ω and ω′ using:∑
ω
αν(ω + νωL)Sν(ω)e
iωt′ ' αν(ν(ωL + δ))σIν(t′) (S8)
As a consequence, when the master equation is written back in Schro¨dinger’s picture, all the dependence in time t′
of the integrand is contained in the prefactor ei(ν−ν
′)ωLt′ . For ν 6= ν′, this variation is much faster than the typical
evolution time-scale of ρIq(t), which is given by the inverse of the damping rate of the TLS γ
−1(ω0) ≡ (v2τq)−1. We
can therefore safely restrict the sum to the term ν = ν′ (Secular approximation). This corresponds to a description
of the dynamics of ρIq(t) on a coarse-grained time-scale ∆t0 much longer than the laser period ω
−1
L . Going back to
Schro¨dinger picture, we find:
ρ˙q = − i~ [Hq(t), ρq] + L
δ0
q ρq(t) (S9)
with
Lδ0q ρ = γ(nq + 1)D[σ−] + γnqD[σ+], (S10)
3where γ = γ(ω0) and nq = n(ω0). This corresponds to the regime of the so-called (Standard) Optical Bloch Equations
[S4].
When conditions (S6)-(S7) are no more valid, we have to correct Lindbladian (S10) to take into account the different
terms coming from all the values of ω, which leads to the Generalized Bloch Equations [S6].
DERIVATION OF THE MECHANICAL MASTER EQUATION
In this section we derive the master equation (6) of the main text. We start from the evolution of the hybrid system
(2) of the main text that can be rewritten:
ρ˙ = L0t [ρ(t)] + L
1
t [ρ]. (S11)
We have introduced the semi-classical Liouvillian L0t [ρ] = − i~ [H0(t), ρ(t)] + (Lδ(t)q ⊗ 1m)[ρ(t)] and L1t [ρ] =−i[δV (t), ρ], which creates correlations between the TLS and the MO. We now transform Eq.(S11) to the equiv-
alent of the interaction picture with respect to Liouvillian L0t . Namely, we introduce the density matrix ρ˜(t) verifying
ρ(t) = K(t, 0)ρ˜(t), where K(t, t0) = T [exp(
∫ t
t0
duL0u)] is a trace-preserving super-operator and T is the time-ordering
operator (K = Kq⊗1m). In this picture reflecting the deviation from the semi-classical evolution, the master equation
for the hybrid system reads
˙˜ρ = − i~K−1(t, 0)[δV (t),K(t, 0)ρ˜]. (S12)
Defining ρ˜ = ρ˜fact + δρ˜, with ρ˜fact = ρ˜q ⊗ ρ˜m, we obtain eventually
Trq
{
˙˜ρfact
}
=− i~Trq
{
K−1(t, 0)[δV (t),K(t, 0)δρ˜]
}
(S13)
δ ˙˜ρ = − i~K−1(t, 0)[δV (t),K(t, 0)ρ˜fact]. (S14)
Eq.(S14) is defined up to first order in δV . Note that terms in first order in δV vanish in (S13) as they have zero
trace over the TLS subspace. Eq. (S14) is formally integrated and injected into (S13), to give an expression close to
the familiar precursor for master equation:
∆ρ˜m = − 1~2
∫ t+∆tm
t
dt′
∫ t′
t
dt′′Trq
{[
δV (t′),K(t′, t′′)
[
δV (t′′),K(t′′, 0)ρ˜fact(t′′)
]]}
, (S15)
where ∆ρ˜m = Trq{ρ˜fact(t+ ∆tm)− ρ˜fact(t)}. To obtain (S15), we have used K(t′, 0)K−1(t′′, 0) = K(t′, t′′). To derive
a master equation acting on the MO, we trace over the TLS degrees of freedom. We obtain integrands of the form
Gq(t
′, t′′)δX˜(t′)δX˜(t′′)ρ˜m(t′′), (S16)
where we have defined the operators in the interaction picture Y˜ (t) = K−1(t, 0)Y K(t, 0) for any operator Y acting
on the opto-mechanical system, and the two-times correlation function of the TLS-induced noise:
Gq(t
′, t′′) = 〈δΠ˜e(t′)δΠ˜e(t′′)〉. (S17)
Because of the damping induced by the TLS bath, Gq(t
′, t′′) vanishes when |t′−t′′| is larger than a typical correlation
time γ−1. As we have chosen ∆tm  γ−1, we can introduce in (S15) the variable τ = t′ − t′′ and extend its interval
of integration to [0; +∞].
We now consider the second part of the integrand term (S16): δX˜(t′)δX˜(t′′)ρ¯m(t′′). This expression can simply be
rewritten (δbe−iΩmt
′
+ δb†eiΩmt
′
)(δbe−iΩm(t
′−τ) + δb†eiΩm(t
′−τ))ρ˜m(t′′), where we have defined δb = b−Tr{ρ0mb}. The
terms proportional to eiΩmτ (resp. e−iΩmτ ) can be gathered to perform the integration over τ . We define the TLS
fluctuation spectrum:
St(ω) = g
2
m
∫ ∞
0
dτGq(t, t− τ)eiωτ . (S18)
Remembering that Ωm  γ and that Gq(t, t− τ) is zero for τ  γ−1, we can approximate St(±Ω) by St(0). Taking
now into account all the terms from the double commutator in (S15), and coming back to the Schro¨dinger picture,
we eventually find:
ρ˙m = − i~ [Hm + Vm(t), ρm] + Γh(t)D[X]ρm, (S19)
4where we have defined Γh(t) = 2ReSt(0).
If the MO is also coupled to a thermal bath, the same derivation allows to derive the usual Lindbladian term
Lm[ρm] = Γm(nm + 1)D[b]ρm + ΓmnmD[b†]ρm [S5] that has to be added to Eq.(S19)
Finally we get Eq.(9) of main text:
ρ˙m = − i~ [Hm + Vm(t), ρm] + Lh[ρm]
+ Lm(t)[ρm] (S20)
where Γ is the damping rate of the MO, nm the number of thermal phonons, and Lh[ρm] = Γh(t)D[X]ρm the
Lindbladian induced by the TLS on the MO.
ANALYTICAL EXPRESSION OF Γh
In this section we simplify the expression of Γh assuming that the state of the TLS is at any time the steady state
of Eq.(3) of main text, namely:
ρ∞q =
(
P∞e e
−iω0t(s∞)∗
eiω0ts∞ 1− P∞e
)
(S21)
where
P∞e (δ(t)) =
1
2nq + 1
(
nq +
1/2
1 + 2δ(t)2/g2 + γ2T /2g
2
)
s∞(δ(t)) = − 1
2nq + 1
δ(t)/g + iγT /g
1 + 2δ2(t)/g2 + γ2T /2g
2
(S22)
We have defined γT = γ(2nq + 1). The semi-classical evolution of the Hybrid system as described by Eqs.(2)-(3) of
the main text implies the following evolution equation for the fluctuation of TLS observables:
d
dτ
δ~σ(t) = A(t)δ~σ(t), (S23)
where we have defined the vector ~σ(t) = (σz(t), σ+(t), σ−(t))T , where σr for r ∈ {z,+,−} Pauli matrices, and
δ~σ(t) = ~σ(t)− 〈~σ(t)〉.
A(t) =
 −γT −ig ig−ig/2 iδ(t)− γT /2 0
ig/2 0 −iδ(t)− γT /2
 .
As a consequence, the spectrum
St(0) = g
2
m
∫ ∞
0
dτ〈δΠ˜e(t)δΠ˜e(t− τ)〉. (S24)
can be computed using the Quantum Regression Theorem [S5]:
St(0) = −g
2
m
4
(1, 0, 0).A(t)−1 ~G(t), (S25)
with
~G(t) =
 1− (〈σz(t)〉∞)2−〈σ+(t)〉∞(1 + 〈σz(t)〉∞))
〈σ−(t)〉∞(1− 〈σz(t)〉∞))
 . (S26)
Then, the rate Γh is twice the real part of St(0). We consider two interesting limits. First, the case of zero TLS
temperature Tq:
Γh = 2
g2mg
2(4δ(t)2 + γ2)(g2 + 2γ2)
γ(4δ(t)2 + 2g2 + γ2)3
. (S27)
5Second, the case of no laser drive (g = 0) and non-zero TLS temperature:
Γh = 2
g2m
γ
nq(1 + nq)
(2nq + 1)2
, (S28)
Note that Γh vanishes if both Tq and g are zero.
COMPETITION BETWEEN OPTICAL AND THERMAL NOISE
Diagonal form of total master equation
In this section, we introduce another form of the master equation usefull to study the competition between the
optical noise induced by the TLS and the thermal noise.
The non-unitary part Lm + Lh in master equation (S19) can be written∑
(i,j)=(1,2)
hij
(
aiρa
†
j −
1
2
a†jaiρ−
1
2
ρa†jai
)
. (S29)
We have defined the matrix h = (hij)i,j∈{1,2} =
(
Γm(nm + 1) + Γh Γh
Γh Γmnm + Γh
)
and the operators a1 = b and
a2 = b
†. This superoperator is reduced to a Lindblad form by diagonalizing the matrix h [S1]. We find the eigenvalues
λ± associated with the eigenvectors ~v± checking:
λ± = Γm
(
nm +
1
2
)
+ Γh ± 1
2
√
Γ2m + 4Γ
2
h (S30)
~v± =
1
N±
(
Γm ±
√
Γ2m + 4Γ
2
h
2Γh
)
(S31)
with a normalization factor
N± =
√
4Γ2h + (Γm ±
√
Γ2m + 4Γ
2
h)
2. (S32)
The master equation (S19) can therefore be rewritten:
ρ˙m = − i~ [Hm + Vm(t), ρm] + λ+D[b+] + λ−D[b−], (S33)
with
b± = ~v± ·
(
b
b†
)
. (S34)
We now look at the two limits in which either the thermal or optical noise dominates.
Weak coupling regime : Effective thermal noise
In this part we consider the limit Γm  Γh. This is in particular valid if g2m/γ  Γmnm. In that limit, the TLS
only slightly changes the non-unitary dynamics induced by the MO environment. We have
b+ = b+
Γh
Γm
b† ' b (S35)
b− = − Γh
Γma
b+ b† ' e−2iθb† (S36)
λ+ = Γh + Γm (nm + 1) +
Γ2h
Γm
(S37)
λ− = Γh + Γmnm − Γ
2
h
Γm
. (S38)
6ba c
FIG. S1. a,b: Characteristics of effective thermal noise induced by the TLS on the MO: Shift of the number of thermal phonons
δnm = n
′
m − nm (a) and shift of the damping rate of the MO δΓm = Γ′ − Γ (b) as a function of the amplitude of the TLS
frequency shift (in g units), i.e. δmaxm /g = gm|β|max/g. c: real part of the TLS fluctuation spectrum at time t as a function of
δ(t). Parameters: g/γ = 10, Ω/γ = 10−3, gm = 10−3, Γm/γ = 10−6, δ0 = 0, nm = 104, Tq = 0.
The evolution equation for the average phonon number N = 〈b†b〉 writes
d
dt
N = Tr{b†bρ˙m} = −Γ′m(t)(N − n′m(t)), (S39)
where we have defined the effective damping rate Γ′m(t) and the effective MO thermal population n
′
m(t), related to
the corresponding parameters in the absence of the TLS:
Γ′m(t) = Γm
(
1 + 2
Γ2h
Γ2m
+ o
(
Γ2h
Γ2m
))
(S40)
n′m(t) = nm +
Γh
Γm
− Γ
2
h
Γ2m
(2nm + 1) + o
(
Γ2h
Γ2m
)
. (S41)
Under the assumption that the TLS is at any time in the steady state of Eq.(3) of main text corresponding to
the instantaneous value of δ(t), one can find an analytical expression for Γh (see following section). The value of
δnm = n
′
m − nm and of δΓm = Γ′ − Γ are plotted in Fig.S1 in the case of zero temperature of the TLS and strong
driving laser with Rabi frequency g  γ.
FUNDAMENTAL NOISE ON A POSITION MEASUREMENT
We consider a measurement of the position from the intensity of the driven TLS fluorescence in the line of [S10].
We consider that the MO has some unknown static deflection x1 at time t = t1, resulting in a detuning δ1 = gmx1/x0
between the TLS and the drive. The average intensity of the fluorescence reads E[I(t1)] = γP∞e (δ1) and allows to
infer x1 owing to the dependence of P
∞
e on the detuning Eq.(S22). This measurement is subject to two fundamental
noise sources [S12]: (i) the so-called imprecision noise due to the fluctuation of the light intensity and (ii) the so-called
back-action noise induced on the position when the TLS is driven. Both noises can be considered as effective position
noises quantified by the spectra SIxx(Ωm) (for the imprecision) and S
BA
xx (Ωm) (for the back-action) taken at the
mechanical frequency.
The intensity shift dI(t1) associated with a position shift dx1 is dI(t1) = gm
x0
I ′(t1)dx1, where I ′(t1) = dI
dδ
(t1) =
γ
dP∞e
dδ
(δ1). Consequently, the imprecision position noise spectrum at a frequency ω is related to the fluorescence
intensity noise spectrum SII(ω) via:
SIxx(ω) =
x20
g2m
SII(ω)
I ′2(t1) . (S42)
The intensity noise spectrum is defined by
SII(ω) = 2Re
∫ ∞
0
E [I(t1 + τ)I(t1)] eiωτdτ, (S43)
7with (see [S4][Section AII.5], [S11][Section 4.3.2]):
E[I(t1 + τ)I(t1)] = 〈σ+(t1)Πe(t1 + τ)σ−(t1)〉∞ + δ(τ)I(t1), (S44)
where the first term is the (unnormalized) second-order coherence function of the light emitted by the TLS at steady
state. The notation 〈·〉∞ refers in all the section to the average value in the steady state of the TLS associated with
the oscillator’s deflection. We finally find for ω 6= 0:
SII(ω) = 2γ2Re
[∫ ∞
0
〈σ+(t1)Πe(t1 + τ)σ−(t1)〉∞eiωτdτ
]
+ I(t1)
= γ2Re
[∫ ∞
0
〈σ+(t1)σz(t1 + τ)σ−(t1)〉∞eiωτdτ
]
+ I(t1). (S45)
We then evaluate the first right-hand term in Eq.(S45)). First, we note that the quantity ~Y (τ) = 〈σ+(t1)~σ(t1 +
τ)σ−(t1)〉∞, with ~σ = (σz, σ+, σ−)T , fulfills the vectorial differential equation
∂t~Y = A~Y + ~B, (S46)
where A is the matrix defined in Appendix IV (taken for δ(t) = δ1) and ~B = (−γP∞e (δi), 0, 0)T . This equation can
be solved formally leading to:
~Y (τ) = −A−1 ~B + eAτ (~Y (0) +A−1 ~B). (S47)
Now the first right-hand term in Eq.(S45) is
2γ2Re
[∫ ∞
0
eiωτ (1, 0, 0).~Y (τ)dτ
]
= 2γ2Re
[
(1, 0, 0).(iω1+A)−1.(~Y (0) +A−1B)
]
. (S48)
Finally, using that
~Y (0) =
 −P∞e (δ1)0
0
 , (S49)
we find that the intensity noise spectrum at the mechanical frequency reads
SIxx(Ωm) = x
2
0
(2δ21 + g
2 + γ2/2)3
8δ21g
2
mγ
×
(
1
g2
− 2γ
2[3(γ2 + 4Ω2m)− 4δ21 ]
γ2(4δ21 + 2g
2 + γ2)2 + [16(δ21 + g
2)2 + 8(g2 − 3δ21)γ2 + 9γ4]Ω2m − 8[4(δ21 + g2)− 3γ2]Ω4m + 16Ω6m
)
(S50)
The back-action noise is related to the noise of the force F = (~gm/x0)Πe exerted on the MO [S12]:
SBAxx (Ωm) = |χ(Ωm)|2SFF (Ωm)
=
~2
x20
|χ(Ωm)|2Γh, (S51)
where the MO’s susceptibility is given by:
χ(ω) =
(2x20/~)Ωm
Ω2m − ω2 − iΓmω
(S52)
Finally, the total noise added by the measurement reads Smxx(Ωm) = S
I
xx(Ωm) + S
BA
xx (Ωm). The two contributions
and Smxx(Ωm) are plotted in Fig. 2c,d of the main text. Fixing the damping rates of the TLS and the MO to γ = 1GHz
and Γm = Ωm/1 · 106 ' 5Hz we find that the minimum total noise is reached for (δ1/γ, g/γ) ' (8.9, 0.06).
The two quantities SIxx(Ωm) and SFF (Ωm) are expected to fulfill an Heisenberg inequality of the form [S12]:
SIxx(Ωm)SFF (Ωm) ≥
~2
4
, (S53)
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FIG. S2. a: Total added noise spectrum Smxx and the two contributions: the back-action and imprecision noise spectra S
BA
xx and
SIxx at the mechanical frequency, for the optimum value of the Rabi frequency, i.e. g '= 0.06γ, as a function of the detuning
δ1 corresponding to the static deflection of the MO. b: Parameter Ξ quantifying the distance to Heisenberg as a function of
the drive Rabi frequency, for the optimum value of the detuning δ1 ' 8.8γ (purple dashed) and for δ1 = γ (orange solid). The
equality is approximately reached for the optimum value of detuning. Parameters: Parameters: Ωm = 5MHz, gm = 0.1GHz,
γ = 1GHz, Γm = Ωm/10
6 and x0 = 10
−2pm, γ = 1 GHz, x0 = 10−2pm, Γm = Ωm/106, Tq = 0.
This can be tested by studying the ratio:
Ξ =
SIxx(Ωm)SFF (Ωm)
~2/4
≥ 1. (S54)
We find that indeed Ξ ≥ 1 and that the bound is approximately saturated Ξ ' 1 in the regime δi  γ  g.
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